The generalized Kneser hypergraph KG r (n, k, s) is the hypergraph whose vertices are all the k-subsets of {1, . . . , n}, and edges are r-tuples of distinct vertices such that any pair of them has at most s elements in their intersection. In this note, we show that for each non-negative integers k, n, r, s satisfying n ≥ r(k − 1) + 1, k > s ≥ 0, and r ≥ 2, we have
Introduction
Throughout this note, the set of {1, . . . , n} will be denoted by [n] . Recall, a hypergraph H is a pair H = (V, E) where V is a finite set of elements called vertices, and E is a set of non-empty subsets of V called edges. The vertex set and the edge set of a hypergraph H are often denoted by V (H) and E(H), respectively. An m-coloring of a hypergraph H is a map c : V (H) → {1, . . . , m}. Moreover, c is called a proper m-coloring if it creates no monochromatic edge, i.e., |c(e)| ≥ 2 for all e ∈ H. We say a hypergraph is m-colorable if it admits a proper m-coloring. The chromatic number of a hypergraph H, denoted by χ(H), is the minimum m such that H is m-colorable. Finally, the generalized Kneser hypergraph KG r (n, k, s) is a hypergraph whose vertex set and edge set are as follows
In 1955, Martin Kneser conjectured that it is impossible to partition all k-subsets of [n] into less than n − 2(k − 1) classes such that any two distinct k-sets inside one class have non-empty intersection, where n ≥ 2k. Or equivalently, in the language of graph coloring
Email address: hr.daneshpajouh@phystech.edu (Hamid Reza Daneshpajouh) After about two decades, this conjecture was confirmed by Lovász [8] via a tool from algebraic topology! Since then many other proofs have been found, see for instance [3, 6, 7, 9] . Later, a generalization of Kneser's conjecture was raised by Erdős [4] . Erdős conjectured that this is also impossible to partition all k-subsets of [n] into less than
classes such that among any r distinct k-stets inside one class at least two of them has non-empty intersection, where n ≥ rk. Similarly, this is equivalent to saying that:
This conjecture originally confirmed by Alon-Frankl-Lovász [2] using some topological tools. We refer the reader to [1, 5, 10] for more recent proofs.
In this note, we show that the following generalization of the Erdős conjecture is also true. Theorem 1. Let k, n, r, s be non-negative integers where n ≥ r(k − 1) + 1, k > s ≥ 0 and r ≥ 2. We have
The organization of the paper is as follows. Section 2 introduces our main tool, Z pTucker's lemma. And, Section 3 is devoted to the proof of Theorem 1.
Acknowledgements
I would like to thank Professors Meysam Alishahi and Roman Karasev for many fruitful discussions and helpful suggestions. I also wish to express my sincere gratitude to Professor Andrey Raigorodskii for drawing my attention to such kind of problem, and all his support.
Z p -Tucker lemma
The proof of our theorem is based on a combinatorial tool that is originally introduced by Ziegler [11] , called Z p -Tucker's lemma. There is also another version of this lemma [10] , with the same name. We need the latter version. To state the lemma, we need some notation.
n , and 0 ≤ i ≤ p, set:
Also, for each x = (x 1 , . . . , x n ) ∈ (Z p ∪ {0}) n , and ω i ∈ Z p , define:
Note that, in above ω i · 0 is defined as 0. Finally, for x, y ∈ (Z p ∪ {0}) n we write x y if X i ⊆ Y i for all 1 ≤ i ≤ p. Now, we are in a position to state our main tool.
Lemma 2 (Z p -Tucker lemma [10] ). Let p be a prime number, and n, m, α be positive integers where m ≥ α. Moreover, assume that
is a map satisfying the following conditions:
• for all x
(1)
Proof of Theorem 1
The outline of the proof is as follows. The proof is divided into two parts. The result is first proved for the case that r is a prime number, with the aid of Z p -Tucker's lemma. Then, we extend it to non-prime cases by a simple lemma which reduces a non-prime case to a prime case. For simplicity, let us define a notation. For a finite set X ⊆ Z and any integer 0 ≤ l ≤ |X|, set f l (X) = ∅ if l = 0 the set of the first l elements of X if l ≥ 1.
Proof for the case that r = p is a prime number: Let c : V (KG p (n, k, s)) → {1, . . . , C} be a proper coloring of KG p (n, k, s) with C colors. Put α = p(k − s − 1), and m = p(k − s − 1) + C. In order to prove the theorem we will define a map
satisfying the required properties in the Z p -Tucker lemma. Let x = (x 1 , . . . , x n ) ∈ (Z p ∪ {0}) n \ {(0, . . . , 0)}. Now, we consider two cases.
where ω j is the first nonzero element of x.
(ii) Consider the case that at least one of the |X 1 |, . . . , |X p | is at least k − s. First, note that, it is impossible that all members of {(|X i | + |X 0 |) : 1 ≤ i ≤ p} are simultaneously less than k. Since otherwise,
which contradicts our assumption that n ≥ p(k − 1) + 1. So, in this case, there is an
To see this, it is enough to take X i 's with the maximum size. Now, suppose j be the minimum 1 ≤ i ≤ p such that
where t = min{k, |X j |}. In other words, F j x is the set of the first k elements of X j , if
x is the union of X j and the first k − |X j | elements of X 0 . Now, set
It is easy to check that λ is a Z p -map. So, to use the Z p -Tucker lemma, it is enough to show that λ has the two other properties mentioned in the lemma.
• Let x y ∈ (Z P ∪ {0}) n \ {(0, . . . , 0)}, and λ 2 (x) = λ 2 (y) ≤ α. In this case, we have X i ⊆ Y i for all i ∈ [p], and moreover
• For the second case, assume x
First of all, c(F
x (j) and the fact that
Therefore, all of l i cannot be pairwise distinct. Since otherwise, as we discussed above, any pair of distinct k-sets F l i
x (i) , and F l j x (j) has at most s elements in their intersection. Thus, {F
} is a monochromatic edge in KG p (n, k, s), which contradicts that c is a proper coloring of KG p (n, k, s). Now, by applying the Z p -Tucker lemma we have
as C is an integer. This is the desired conclusion.
The proof for the case that r is not a prime number will be deduced from the next lemma. It is worth pointing out that the proof of the following lemma uses the same ideas as [ -colorable, see [2] . Hence, we have indeed an equality in (1) . So, it is of interest to know when the inequality presented in Theorem 1 is sharp. Note that, if k, r, s are fixed and s = 0, then KG r (n, k, s) can not be a linear function of n [2] . Therefore, in this case, for large enough n we cannot have equality in Theorem 1.
